The 2-loop polynomial is a polynomial presenting the 2-loop part of the Kontsevich invariant of knots. We show a cabling formula for the 2-loop polynomial of knots. In particular, we calculate the 2-loop polynomial for torus knots.
is the (3, 5) cable knot of . An open Jacobi diagram is a uni-trivalent graph such that a cyclic order of the three edges around each trivalent vertex of the graph is fixed. Let A( * ) be the vector space over Q spanned by open Jacobi diagrams subject to the AS and IHX relations; see Figure  2 for the relations. The Kontsevich invariant Z σ (K) of a framed knot K is defined in A( * ); for a definition 4 see e.g. [14] . It is known [10] that the value of the Kontsevich invariant for each knot is group-like, which implies that it is presented by the exponential of some primitive element. That is, Z σ (K) is presented by the exponential of a primitive element, where a primitive element of A( * ) is a linear sum of connected open Jacobi diagrams. For example, it is shown [4] that the Kontsevich invariant of the trivial knot, denoted by Ω, is presented by Z σ (the trivial knot) = Ω = exp ⊔ (ω), where exp ⊔ denotes the exponential with respect to the disjoint-union product, and ω is 4 In literatures, the Kontsevich invariant is often defined by Z(K) in the space A(S 1 ). The version Z σ (K) is defined to be the image of Z(K) by the inverse map σ of the Poincare-Birkhoff-Witt isomorphism A( * ) → A(S 1 ).
defined by
Here, a label of a power seires
where a label is put on either of the sides of an edge, and the corresponding legs are written in the same side of the edge. 5 Note that = by the AS relation, in the notation of this paper. Let K be a framed knot with 0 framing. (Throughout this paper, we often mean a framed knot with 0 framing also by a knot, abusing terminology.) The loop expansion of the Kontsevich invariant is given by
+ terms of (≥ 3)-loop , where log ⊔ denotes the logarithm with respect to the disjoint-union product, and ∆ K (t) is the normalized 6 Alexander polynomial of K, and p i,j (e x ) is a polynomial in e x . The 2-loop part is characterized by the polynomial,
We call its symmetrization, 3 ]/(t 1 t 2 t 3 = 1), 5 Our notation is different from the notation in [5, 8] where a label of an edge is defined by setting a local orientation of the edge that determines the side in which we write the corresponding legs. 6 We suppose that ∆K(t) is normalized, satisfying that ∆K (t) = ∆K(t −1 ) and ∆K (1) 
which is a symmetric polynomial in t ±1 .
Let us review the cabling formula of the Kontsevich invariant of [4] . Another version of the Kontsevich invariant, called the wheeled Kontsevich invariant [3] , is defined by
where ∂ Ω : A( * ) → A( * ) is the wheeling isomorphism; see [4] .
Here, for open Jacobi diagrams C and D, ∂ C (D) is defined to be 0 if C has more univalent vertices than D, and the sum of all ways of gluing all univalent vertices of C to some univalent vertices of D otherwise. We graphically present it by
Let Ψ (p) : A( * ) → A( * ) be the map which takes a diagram with k univalent vertices to its p k multiple. The (p, q) cable knot of a knot K is the knot given by a simple closed curve on the boundary torus of a tubular neighborhood of K which winds q times in the meridian direction and p times in the longitude direction (see e.g. [11] ); for example see Figure 1 . The cabling formula of the Kontsevich invariant is given by 9 Proposition 1.1 (Le ([4] , see also [19] )). Let K be a framed knot with 0 framing, and let K (p,q) be the (p, q) cable knot of K (with 0 framing). Then,
The 2-loop polynomial of a torus knot
In this section, we calculate the 2-loop polynomial of a torus knot, picking up the 2-loop part of the cabling formula of the Kontsevich invariant of the trivial knot. The 2-loop part of the Kontsevich invariant for torus knots is also calculated 10 independently by Marché [12, 13] .
8 This is not trivial, since there is another 2-loop trivalent graph, what is called, a "dumbbell diagram".
9 Proposition 1.1 is obtained from Theorem 1 of [4] by pulling back by the isomorphism A( * )
, and by modifying the contribution from the framing of the cable knot, noting that the (p, q) cable knot in the definition of [4] has framing (p − 1)q.
10 Bar-Natan has also obtained some presentation of the wheeled Kontsevich invariant for torus knots (private communication). The torus knot T (p, q) of type (p, q) is the (p, q) cable knot of the trivial knot (which is isotopic to T (q, p)); for example see Figure 3 . It is known, see e.g. [11] , that the Alexander polynomial of a torus knot is given by
Theorem 2.1. The 2-loop polynomial of the torus knot T (p, q) of type (p, q) is given by
where ψ p,q is defined by
is not a polynomial, but a rational function, while Θ T (p,q) (t 1 , t 2 , t 3 ) is a polynomial. Rozansky [18] suggests that the 2-loop polynomial is a polynomial with integer coefficients; this holds for torus knots by the theorem. He also suggests a conjectural inequality
where g(K) denotes the genus of K. Since the genus of T (p, q) equals (p − 1)(q − 1)/2 (see e.g. [11] ), torus knots give the equality of the above formula.
For α, β ∈ A( * ) we write α ≡ β if α − β is equal to a linear sum of Jacobi diagrams, either, of (≥ 3)-loop, or, having a component of a trivalent graph (i.e., a component with no univalent vertices).
Proof of Theorem 2.1. Since the torus knot T (p, q) is obtained from the trivial knot by cabling, we have that
by Proposition 1.1. The first term of the right hand side is calculated as follows. From the definition of ∂ Ω ,
Since any component of Ω has a loop, the (≤ 1)-loop part of the right hand side has no edges between the two Ω's, and, hence, this part is presented by
Further, its first term is given by
where the equivalence is obtained in the same was as Lemma 6.3 of [4] . The primitive part of the 2-loop part of the right hand side of (1) is equal to a linear sum of diagrams, each of which has precisely one edge between the two Ω's. Hence, it is presented by
, where f (x) is given by
Hence, the (≤ 2)-loop part of (1) is presented by
.
The map Ψ (p) sends this to
Ω sends this (modulo the equivalence) to
Its first term is graphically shown as
The primitive part of the 2-loop part of this diagram is calculated similarly as before; for example, when there is precisely one edge between Ω −1 and Ω px , we have the following component,
Thus, the primitive part of the 2-loop part of (3) is equal to the primitive part of the 2-loop part of
where the equality is obtained from Lemma 2.5 below. Hence, the primitive part of the 2-loop part of Z w T (p, q) is given by
where we put t = e x and φ p,q is defined by φ p,q (e x ) = 4 f (px) − qf (pqx) , that is,
Therefore, from the definition of the 2-loop polynomial, we obtain the required formula. By Corollary 2.4 below, the degree ofΘ
2 ) is at least (p − 1)(q − 1). We can show that it is exactly (p − 1)(q − 1) in the same way as the proof of Example 2.6. Corollary 2.4. The reduced 2-loop polynomial of the torus knot T (p, q) is given bŷ
Lemma 2.5. For a scalar c,
Proof. From the definition of ∂ Ω ,
8
Similarly as in the proof of Theorem 2.1, the (≤ 1)-loop part of the right hand side is presented by
Further, the primitive part of the 2-loop part of the right hand side of (5) is presented by
This implies that ∂ Ω takes the right hand side of the formula of the lemma to exp
Example 2.6. For the (p, 2) torus knot, Theorem 2.1 implies that
For example, the coefficients of Θ T (7,2) (t 1 , t 2 , t 3 ) are as shown in Table 1 . Further, Proof. By definition,
Hence, when {i, j, k} = {1, 2, 3}, we have that
Therefore,
By Theorem 2.1, we obtain Θ T (p,2) (t 1 , t 2 , t 3 ) as the sum of the above formula over (i, j, k) = (1, 2, 3), (2, 3, 1), (3, 1, 2), which gives the required formula.
Example 2.7. In a similar way as the previous example, we have that
See also Tables 2 and 3 for the values of Θ T (p,q) andΘ T (p,q) for some (p, q).
A cabling formula for the 2-loop polynomial
In this section, we give a cabling formula for the 2-loop polynomial. We show the formula by picking up the 2-loop part of the cabling formula of the Kontsevich invariant, modifying the proof of Theorem 2.1. This cabling formula is also obtained independently by Marché [13] . It is known, see e.g. [11] , that a cabling formula for the Alexander polynomial is given by
A cabling formula for the 2-loop polynomial is given by Theorem 3.1. Let K be a knot, and let K (p,q) be the (p, q) cable knot of K. Then,
Proof. We show the theorem, modifying the proof of Theorem 2.1. By Proposition 1.1, we have that
where Z w (K) is presented by
+ (terms of (≥ 2)-loop).
The 2-loop part of Z w (K) contributes to the required formula by Θ K (t p 1 , t p 2 , t p 3 ). We calculate the contribution of the 1-loop part in the following of this proof.
In a similar way as (2), we have that
, where g(x) is given by 2 ) in a fundamental domain {0 ≤ 2m ≤ n} (see [18] ) for (p, q) with p ≤ 7, q ≤ 4. The array for each (p, q) is a subset of the full array such as shown in Table 1 and the most left dot is at (n, m) = (0, 0). We can recover the other coefficients for each (p, q) from the presented coefficients by the symmetry of Θ K (t 1 , t 2 , t 
